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EJERCICIO (51:50) 

Calcular ൻ𝒌𝟏
ሬሬሬሬ⃗  𝒌𝟐

ሬሬሬሬ⃗  ห 𝒒𝟏ሬሬሬሬ⃗  𝒒𝟐ሬሬሬሬ⃗ ൿ 

 

Considerar que: 

[1]  𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற|0⟩ ൌ |𝑞ଵሬሬሬሬ⃗ ⟩ 

[2]  𝑎ሺ௤భሬሬሬሬ⃗ ሻ|0⟩ ൌ 0 

[3]  ቂ𝑎൫௞ሬ⃗ ൯ , 𝑎ሺ௣⃗ሻ
ற ቃ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞ሬ⃗ ି௣⃗൯ 

[4]  ⟨0 | 0⟩ ൌ 1 

 

|𝑞ଵሬሬሬሬ⃗  𝑞ଶሬሬሬሬ⃗ ⟩ ൌ 𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ 

ห𝑘ଵ
ሬሬሬሬ⃗  𝑘ଶ

ሬሬሬሬ⃗ ൿ ൌ 𝑎൫௞భሬሬሬሬ⃗ ൯
ற𝑎൫௞మሬሬሬሬ⃗ ൯

ற |0⟩ 

ൻ𝑘ଵ
ሬሬሬሬ⃗  𝑘ଶ

ሬሬሬሬ⃗ ห ൌ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎൫௞భሬሬሬሬ⃗ ൯ 

ൻ𝑘ଵ
ሬሬሬሬ⃗  𝑘ଶ

ሬሬሬሬ⃗  ห 𝑞ଵሬሬሬሬ⃗  𝑞ଶሬሬሬሬ⃗ ൿ ൌ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩  

Por [3]: 

ൻ𝑘ଵ
ሬሬሬሬ⃗  𝑘ଶ

ሬሬሬሬ⃗  ห 𝑞ଵሬሬሬሬ⃗  𝑞ଶሬሬሬሬ⃗ ൿ ൌ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ ቀ𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯ ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ቁ 𝑎ሺ௤మሬሬሬሬ⃗ ሻ
ற |0⟩  

ൻ𝑘ଵ
ሬሬሬሬ⃗  𝑘ଶ

ሬሬሬሬ⃗  ห 𝑞ଵሬሬሬሬ⃗  𝑞ଶሬሬሬሬ⃗ ൿ ൌ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൅ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩  

 

En el primer término, por [3]: 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற ቀ𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற𝑎൫௞భሬሬሬሬ⃗ ൯ ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ቁ  |0⟩ 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற𝑎൫௞భሬሬሬሬ⃗ ൯ |0⟩ ൅ ⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
றሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞భሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ |0⟩ 

Por [2]: 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ 0 ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ

ற |0⟩ 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯⟨0| ቀ𝑎ሺ௤భሬሬሬሬ⃗ ሻ

ற𝑎൫௞మሬሬሬሬ⃗ ൯ ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞మሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ቁ  |0⟩ 

Por [2] y [4]: 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤భሬሬሬሬ⃗ ሻ
ற𝑎൫௞భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞మሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ 

 

En el segundo término, por [3]: 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ 
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⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯⟨0| 𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற𝑎൫௞మሬሬሬሬ⃗ ൯ ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞మሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ |0⟩ 

Por [2] y [4]: 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩

ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ ቀ⟨0| 𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற𝑎൫௞మሬሬሬሬ⃗ ൯ |0⟩ ൅ ⟨0| ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞మሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ |0⟩ቁ 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ ቀ0 ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞మሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ ቁ ⟨0 | 0⟩ 

⟨0| 𝑎൫௞మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯𝑎ሺ௤మሬሬሬሬ⃗ ሻ

ற |0⟩ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞మሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ 

 

ൻ𝑘ଵ
ሬሬሬሬ⃗  𝑘ଶ

ሬሬሬሬ⃗  ห 𝑞ଵሬሬሬሬ⃗  𝑞ଶሬሬሬሬ⃗ ൿ ൌ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞మሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ ൅ ሺ2𝜋ሻଷ𝛿ሺଷሻ
൫௞భሬሬሬሬ⃗ ି௤భሬሬሬሬ⃗ ൯ሺ2𝜋ሻଷ𝛿ሺଷሻ

൫௞మሬሬሬሬ⃗ ି௤మሬሬሬሬ⃗ ൯ 

ൻ𝒌𝟏
ሬሬሬሬ⃗  𝒌𝟐

ሬሬሬሬ⃗  ห 𝒒𝟏ሬሬሬሬ⃗  𝒒𝟐ሬሬሬሬ⃗ ൿ ൌ ሺ𝟐𝝅ሻ𝟔 ቀ𝜹ሺ𝟑ሻ
൫𝒌𝟏ሬሬሬሬ⃗ ି𝒒𝟐ሬሬሬሬ⃗ ൯𝜹ሺ𝟑ሻ

൫𝒌𝟐ሬሬሬሬ⃗ ି𝒒𝟏ሬሬሬሬ⃗ ൯ ൅ 𝜹ሺ𝟑ሻ
൫𝒌𝟏ሬሬሬሬ⃗ ି𝒒𝟏ሬሬሬሬ⃗ ൯𝜹ሺ𝟑ሻ

൫𝒌𝟐ሬሬሬሬ⃗ ି𝒒𝟐ሬሬሬሬ⃗ ൯ቁ  

 

 


